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When a metal undergoes a continuous quantum phase transition, non-Fermi-liquid behaviour arises near the critical point. All the
low-energy degrees of freedom induced by quantum criticality are usually assumed to be spatially extended, corresponding to
long-wavelength ¯uctuations of the order parameter. But this picture has been contradicted by the results of recent experiments
on a prototype system: heavy fermion metals at a zero-temperature magnetic transition. In particular, neutron scattering from
CeCu6-x Aux has revealed anomalous dynamics at atomic length scales, leading to much debate as to the fate of the local moments
in the quantum-critical regime. Here we report our theoretical ®nding of a locally critical quantum phase transition in a model of
heavy fermions. The dynamics at the critical point are in agreement with experiment. We propose local criticality to be a
phenomenon of general relevance to strongly correlated metals.

Quantum (zero-temperature) phase transitions are ubiquitous in
strongly correlated metals (for a recent review, see ref. 1). The
extensive present interest in metals close to a second-order quantum
phase transition has stemmed largely from studies of high-
temperature superconductors. In these systems, however, it has
been hard to locate the putative quantum critical points (QCPs).
The situation seems to be simpler in some related families of
strongly correlated metals. In particular, there are many heavy-
fermion metals that can be tuned between an antiferromagnetic
metal and a paramagnetic metal. In recent years, QCPs have been
explicitly identi®ed in a number of stoichiometric or nearly
stoichiometric systems. Non-Fermi-liquid behaviour2 is observed,
usually through transport and thermodynamic measurements,
in the quantum-critical regime. Examples3±11 include CePd2Si2,
CeCu6-xAux, CeNi2Ge2 and YbRh2Si2.

The most fundamental question regarding any condensed matter
system concerns the nature of its low-energy excitations. The
traditional theory for metals close to a QCP assumes that the only
important degrees of freedom are long-wavelength ¯uctuations of
the order parameter. For a magnetic QCP, such long-wavelength
¯uctuations are usually called paramagnons. This theory has its
origins back in the 1960s in the description of liquid 3He (for a
historical perspective, see ref. 12), and was subsequently formulated
in the modern language of critical phenomena13,14. The assumption
that the long-wavelength paramagnons are the only critical degrees of
freedom, adopted from the theory of classical (®nite-temperature)
phase transitions, turns out to have three important consequences.
First, the dynamical spin susceptibility at generic wavevectors (wave-
vectors far from the antiferromagnetic ordering wavevector) has the
usual Fermi-liquid form, that is, it is linear in frequency. Second, even
close to the ordering wavevector, the dynamical spin susceptibility is
also linear in frequency. Third, there is a violation of the so-called
q/T scaling (de®ned in the next section).

This picture has been subjected to experimental testing in recent
years. Heavy-fermion metals have undergone by far the most
systematic study. A major puzzle has been raised by neutron-
scattering experiments9±11 on CeCu6-xAux, which goes from a
paramagnetic metal to an antiferromagnetic metal as x increases
through a critical value, xc < 0:1 (ref. 4). Close to the antiferro-
magnetic ordering wavevector, a fractional exponent (a , 1)
appears in the frequency and temperature dependences of the
dynamical spin susceptibility. The same exponent a describes the
frequency and temperature dependences at generic wavevectors,

over essentially the entire Brillouin zone. Finally, the dynamical spin
susceptibility exhibits q/T scaling. These experiments have led to
much debate as to the nature of the QCPs in heavy-fermion metals,
especially concerning the fate of the local magnetic moments in the
quantum-critical regime9±11,15±18.

Here we show that a dynamical spin susceptibility of the form
observed experimentally may arise at a locally critical quantum
phase transition, where local critical degrees of freedom coexist with
spatially extended ones. Although we reach this conclusion by
solving a microscopic model appropriate for heavy-fermion
metals, the possibility of such a QCP can be seen on general
grounds. The universality class of a classical phase transition is
entirely determined by statics1. The critical degrees of freedom must
be spatially extended, as only long-wavelength ¯uctuations of the
order parameter are energetically favourable. At a quantum phase
transition, by contrast, both the statics and dynamics (that is,
quantum ¯uctuations) are important1. The effect of quantum
¯uctuations on local degrees of freedom is to introduce a coupling
to certain dissipative baths. When this coupling is suf®ciently
strong, the local degrees of freedom can become critical. (A similar
situationÐlocal degrees of freedom driven critical by a dissipative
bathÐarises in macroscopic quantum tunnelling problems19.)

Locally critical quantum phase transition
The microscopic model that we consider here is the Kondo lattice
model20 (Fig. 1a). At each lattice site, a local moment21 interacts via
an exchange coupling JK with the spin of any conduction electron
sitting at the site. There are two important energy scales in the
problem22,23: the Kondo temperature TK sets the scale below which
an isolated local moment would be screened by the spins of the
conduction electrons, while the Ruderman±Kittel±Kasuya±Yosida
(RKKY) interaction characterizes the induced coupling between
two local moments. We will assume an average occupancy of less
than one conduction electron per lattice site; as a result, all phases
considered here are metallic. To systematically analyse the behav-
iour of the local degrees of freedom in this model, we apply the
extended dynamical mean-®eld theory (EDMFT) developed in refs
24±26. As in the standard dynamical mean-®eld theory27, the
correlation functions of the lattice problem in the EDMFT are
calculated through a self-consistent impurity Kondo problem. The
latter (Fig. 1b) describes a local moment simultaneously coupled to
two dissipative baths19. A fermionic bath accounts for all temporal
¯uctuations arising from hopping of electrons between the local site
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and the rest of the lattice, while a bosonic bath represents the
¯uctuating magnetic ®eld generated by the local moments at all
other sites. The couplings to the two baths are JK and g, respectively.
Further details are given in the next section.

We ®nd two types of QCP, illustrated by the phase diagrams in
Figs 2 and 3. In each case, the tuning parameter d is the ratio of the
RKKY interaction to the Kondo temperature. Increasing d has two
effects. First, the magnetic correlations become more pronounced.
The dynamical spin susceptibility x(Q, q)Ðwhere Q is the peak
wavevectorÐdiverges at some threshold value d � dc, which
de®nes a QCP separating a paramagnetic metal (d , dc) from an
antiferromagnetic metal (d . dc). Second, the local Kondo physics
governed by the effective impurity problem is also changed28±30.
Through self-consistency, an increase in d causes an increase in the
coupling g between the local moment and the ¯uctuating magnetic
®eld. At some value d � dc

loc, the corresponding ratio g/TK reaches a
threshold value where the local Kondo problem becomes critical.
The existence of such a critical point re¯ects two competing
processes in the local problem (Fig. 1b): quenching of the local
moment through its Kondo coupling to the spins of the fermionic
bath, and the tendency of the coupling g to polarize the local
moment along the direction of the ¯uctuating magnetic ®eld. At
d � dc

loc, the ¯uctuating magnetic ®eld just succeeds in preventing
the spins of the fermionic bath from completely quenching the local
moment, yielding a singular local susceptibility. This critical point is
also marked by the vanishing of a local energy scale E*loc, re¯ecting a
critical slowing down. E*loc serves as an effective Fermi energy scale,
in the sense that the local susceptibility has the usual Fermi-liquid
form (that is, an imaginary part that is linear in the frequency q)
only at energies below E*loc.

At the ®rst type of QCP (Fig. 2), the lattice system orders before
the effective local problem has a chance to become critical, that is,
dc , dc

loc, so E*loc remains ®nite at the transition. The local moments
are completely quenched at zero temperature over the entire
paramagnetic region and also at the QCP. Their only vestiges are

the Kondo resonances, which hybridize with the conduction elec-
trons to form Landau quasiparticles20,22,23,31. The RKKY interaction
manifests itself as an interaction between these quasiparticles,
leading to a spin-density-wave instability which drives the
transition22. As a result, the dynamical spin susceptibility has the
form as in the traditional theory13,14. We ®nd this type of QCP when
the spin ¯uctuations are three-dimensional.

The second type of QCP is illustrated in Fig. 3. Here, dc � dc
loc, so

the lattice system reaches its ordering transition precisely at the
point where the local problem also becomes critical. Thus, E*loc

vanishes at the QCP, and two kinds of critical degrees of freedom
coexist: long-wavelength ¯uctuations of the order parameter, and
local ¯uctuations originating from the local moments. The transi-
tion is locally critical. We ®nd this type of QCP when spin
¯uctuations are two-dimensional. (In order for the ordering tem-
perature TN shown in Fig. 3 to be nonzero for d . dc, it is necessary
to have an in®nitesimal RKKY coupling in the third dimension.)

At the locally critical point, the zero-temperature dynamical spin
susceptibility has an anomalous frequency dependence at wave-
vectors q not only close to the ordering wavevector Q but every-
where else in the Brillouin zone as well:

x�q;q� �
1

f �q� � Aqa
�1�

Here a is an anomalous exponent (an expression for which is given
in equation (13) below). For any wavevector q far away from Q, f(q)
is non-zero and varies smoothly with q; for q close to Q, f(q) is
proportional to �q 2 Q�2.

At ®nite temperatures, qa in equation (1) is replaced by
TaW(q/T), where W(q/T) is a scaling function whose form depends
only on a. This has two experimentally testable consequences. First,
the dynamical spin susceptibility at q � Q satis®es an q/T scaling:

x�Q;q;T� �
1

ATaW�q=T�
�2�

Second, the static uniform spin susceptibility has a modi®ed Curie±
Weiss form

x�T� �
1

£ � BTa
�3�

where £ is a positive constant.
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Figure 1 A theoretical model of heavy fermions. a, The Kondo lattice model. At each

lattice site i, a spin-1/2 local moment Si interacts with a local conduction electron orbital

cij through an antiferromagnetic Kondo coupling of strength JK. The hopping amplitude

between the conduction electron orbitals at sites i and j is tij. The Fourier transform of tij
gives the band dispersion ek, corresponding to which is a density of states r0(e). The

Kondo temperature TK is the characteristic scale for the screening of an isolated local

moment by the spins of the conduction electrons. For suf®ciently small JK,

T K < �r0�m��
2 1 exp�2 1=r0�m�J K�, where m is the chemical potential. The RKKY

interaction between two local moments at sites i and j is Iij, the Fourier transform of which

is Iq. b, The effective impurity Kondo model to which the Kondo lattice model is mapped in

the EDMFT24±26. The local moment is coupled to two dissipative baths, one fermionic and

the other bosonic. The bosonic bath describes a ¯uctuating magnetic ®eld. The couplings

to the two baths are JK and g, respectively. The energy dispersions of the two baths are

determined self-consistently.
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Figure 2 Diagram of a conventional quantum phase transition in Kondo lattices. The

tuning parameter d is the ratio of the RKKY interaction to the Kondo energy scale TK. When

d is small the local moments are completely screened by the spins of the conduction

electrons, and the system is a paramagnetic metal. Increasing d strengthens the coupling

between each local moment and the ¯uctuating magnetic ®eld produced by all other local

moments, as measured by the ratio g/TK, where g parametrizes the effective local problem

de®ned in Fig. 1b and equation (6). At dc
loc, the corresponding g/TK would reach the critical

value for a phase transition in the local dissipative problem (see main text); at this point, a

local energy scale E *loc (dashed line) would vanish. Increasing d also increases the spin

susceptibility at the peak wavevector, x(Q), which diverges at a quantum critical point at

d � dc. Beyond dc, there exists a ®nite transition temperature TN (solid line) below which

the system is an antiferromagnetic metal. In this conventional case, dc , dc
loc, that is, E *loc

is ®nite at the critical point. The quantum-critical (QC) regime, denoted by the wavy line, is

described by the traditional theory.
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Our results can be directly compared to neutron-scattering
experiments on Au-doped CeCu6-xAux at the critical concentration
xc < 0:1. (1) The experimental data have been ®tted9,11 to the form
of equation (1), with an exponent a < 0:75. (2) Within experi-
mental resolution, f(q) goes to zero along lines in the three-
dimensional Brillouin zone, implying that the magnetic ¯uctua-
tions are two-dimensional in real space10,11,32. (3) An q/T scaling
has been extensively reported9,11 (see also ref. 33).

In addition, the modi®ed Curie±Weiss form (equation (3)) is
known9,11 to ®t the magnetization data in CeCu6-xAux. This form
also appears to describe the magnetization of some other heavy-
fermion metals near quantum criticality8. One example (F. Steglich,
personal communication) is YbRh2Si2, which is already very close to
being critical at ambient pressure and without any doping. The
thermodynamic and transport properties5 of this compound are
very similar to those of CeCu6-xAux at x � xc.

From the local susceptibility we can also determine the NMR
spin±lattice relaxation rate 1/T1. Barring subtle form-factor cancel-
lations, the relaxation rate is expected to be temperature-indepen-
dent in the relevant temperature range:

1

T1

< constant �4�

This prediction could be tested, for instance, through NMR meas-
urements on the Cu sites in CeCu6-xAux or the Si sites in YbRh2Si2.

Extended dynamical mean-®eld theory
We now outline the EDMFT analysis leading to the above conclu-
sions. The Kondo lattice model illustrated in Fig. 1a is speci®ed by
the hamiltonian

H �

îj;j

tijc
²
ijcjj �

î

JKSi×sc;i �

îj

IijSi×Sj �5�

where sc,i is the conduction electron spin at site i. Within the
EDMFT24±26, equation (5) is mapped onto an effective single-site
problem, illustrated in Fig. 1b and represented by the hamiltonian

H loc � JKS×sc �

p̂;j

Epc²
pjcpj � g

p̂

S×�fp � f²
2p� �

p̂

wpf
²
p×fp

�6�

where cpj and fp describe the fermionic and bosonic dissipative
baths, respectively. The self-consistent procedure is as follows. We
put in trial forms for Ep, wp and g, and solve the impurity Kondo
problem to determine the electron self-energy S(q), the `spin self-
energy' M(q), the local Green's function Gloc(q), and the local
susceptibility xloc(q). (For de®nitions of these functions and further
details of the calculational procedure, see Methods. We note here
that the key approximation of the EDMFT is the assumption that
the electron and spin self-energies are momentum-independent.)

Self-consistency is imposed by demanding that Gloc and xloc are
equal to the wavevector averages, respectively, of the lattice Green's
function G(k, q) and the lattice susceptibility

x�q;q� �
1

M�q� � Iq

�7�

where Iq is the Fourier transform of Iij. For the purpose of
determining the universal low-energy behaviour, we take the
density of states of the fermionic bath near the Fermi energy to be
a non-zero constant, and the spectral function of the ¯uctuating
magnetic ®eld to have a power-law dependence on frequency, with
an exponent g, for q below some cut-off scale ¤. The effective
impurity Kondo problem is solved using a 1 2 g expansion28,29,34.
Two types of self-consistent solution are obtained for different
forms of the `RKKY density of states':

rl�e� �
q̂

d�e 2 Iq� �8�

The ®rst type of solution (Fig. 2) arises when the RKKYdensity of
states rl(e) increases from the lower band edge (at e � IQ) in a
square-root fashion (that is, as

�������������
e 2 IQ

p
). At the QCP, the spin self-

energy takes the form

M�q� � 2 IQ 2 iaq �9�

where a is a positive, real constant. Through equation (7), this yields
a x(q, q) of the form given in the traditional theory13,14. The linear
frequency dependence of M(q) re¯ects the fact that the spin
¯uctuations describe quasiparticle±quasihole pairs.

The second type of solution (Fig. 3) arises when rl(e) increases
from zero at the lower band edge with a jump. The self-consistent
local dynamical spin susceptibility at the QCP is singular, and is
given by

xloc�q� �
1

2¤
ln

¤

2 iq
�10�

where

¤ �
2

pr0�m�
exp 2

1

r0�m�JK

� �
�11�

r0(m) being the bare conduction electron density of states at the
chemical potential m. The corresponding spin self-energy has the
form:

M�q� < 2 IQ � Aqa
�12�

Here, A � � 2 i�a¤0¤
2a, where ¤0 is de®ned by the condition that,

for e [ �IQ; IQ � ¤0�, rl(e) is approximately equal to its value at the
lower edge, rl(IQ). The exponent a depends on both ¤ and rl(IQ):

a �
1

2¤rl�IQ�
�13�

The spin self-energy acquires this anomalous frequency dependence
because spin ¯uctuations can not only decay into particle±hole
pairs, but can also couple to critical local modes. The dynamical
spin susceptibility at zero temperature is then given by equation (1),
with f �q� � Iq 2 IQ. At ®nite temperatures, the self-consistent
solution gives a spin self-energy:

M�q;T� < 2 IQ � AT aW�q=T� �14�

The scaling function is W�q=T� � �i2p�a exp�aw�1=2 2 iq=2pT��,
where w is the digamma function. This directly leads to equations
(2) and (3), with £ � Iq�0 2 IQ and B < ¤0¤

2a
�2p�a exp�aw�1=2��.

A square-root onset and a jump at the lower edge of the RKKY
density of states are characteristic of magnetic ¯uctuations in three
and two dimensions, respectively. These behaviours are exempli®ed
by the RKKY density of states associated with nearest-neighbour
coupling in a (three-dimensional) cubic lattice and its counterpart
in a (two-dimensional) square lattice. Although the details depend
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Figure 3 Diagram of a locally critical quantum phase transition in Kondo lattices. The

notation is the same as in Fig. 2. The crucial new feature here is that dc � dc
loc, that is, E *loc

vanishes at the quantum critical point. Local and spatially-extended critical degrees of

freedom coexist in the quantum-critical (QC) regime.
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on the lattice type and the range of interactions, the square-root and
jump onsets in the two cases are robust provided that Iq approaches
IQ in a �q 2 Q�2 fashion.

Beyond the microscopic theory
So far we have presented the results of a speci®c microscopic
approach: the EDMFT for the Kondo lattice model. We now turn
to more general considerations concerning the existence and
properties of locally critical quantum phase transitions. There are
four main points that we wish to discuss.

First, even in the traditional theory there are hints, albeit very
subtle, that two-dimensionality facilitates the realization of a locally
critical point. In this theory13,14, the zero-temperature spin ¯uctua-
tions are given by the harmonic, or gaussian, ¯uctuations of the
order parameter. As a result, the zero-temperature, zero-frequency
spin susceptibility is proportional to �q 2 Q�22. In two dimensions,
the corresponding localÐthat is, wavevector-averagedÐsuscept-
ibility is in fact logarithmically singular. (For two-dimensional
fermions coupled to two-dimensional commensurate spin ¯uctua-
tions, there are other kinds of singularities in the spin-density-wave
description; see ref. 35.) This singularity can cause important
nonlinear effects in the dynamics of any non-trivial local degrees
of freedomÐsuch as local moments in heavy-fermion metalsÐand
can ultimately drive them critical. Our EDMFT analysis amounts to
a microscopic prescription for these nonlinear effects. We note that
the situation is very different for QCPs in insulators1,36. There, the
effective ®eld theory is usually below its upper critical dimension,
implying that the spin susceptibility is �q 2 Q�22�h, where the
anomalous exponent h takes a positive value. The corresponding
local susceptibility is no longer singular in two dimensions.

Second, the contrast between a locally critical transition and a
spin-density-wave transition can also be seen at the level of a
Ginzburg±Landau-like description. For a spin-density-wave transi-
tion, there is only one type of critical degrees of freedom, namely the
long-wavelength ¯uctuations of the order parameter. The Ginz-
burg±Landau action is then written purely in terms of the fre-
quency-dependent magnetization at wavevectors close to the
ordering wavevector:

SSDW � Slw�m�q < Q;q�� �15�

This generalizes the standard f4 theory for a classical phase transi-
tion in that the ¯uctuations take place not only in the D spatial
dimensions, but also in time. The temporal ¯uctuations can be
thought of as adding z dimensions, where z is the dynamical
exponent: Slw is a f4 theory with an effective dimensionality
Deff � D � z (see refs 1, 13, 14).

For a locally critical point, on the other hand, the Ginzburg±
Landau action is no longer just a f4 theory. There are extra critical
modes that characterize the continuous disappearance of the Kondo
resonance as the critical point is approached from the paramagnetic
side. These modes are independent of the ¯uctuations of the order
parameter. They are spatially local because the destruction of the
Kondo resonance is a local phenomenon. The Ginzburg±Landau
action will now contain, in addition to the f4 component Slw, parts
describing these new local critical degrees of freedom and their
nonlinear coupling to the long-wavelength modes. The explicit
construction of these additional parts of the Ginzburg±Landau
action is left for future work.

Third, consideration of a Ginzburg±Landau description makes it
likely that the locally critical point is stable beyond our EDMFT
approximation, provided that a , 1 (as is the case in CeCu6-xAux

and YbRh2Si2). The crucial question is what happens when we allow
an explicit q dependence in the spin self-energy. The dynamical
exponent entering Slw will be z � 2=a. When a , 1, the effective
dimension Deff � D � z � 2 � 2=a will be above the upper critical
dimension of 4, so that all the nonlinear couplings within Slw will
be irrelevant in the renormalization-group sense1. As a result, the

q-dependence of the spin self-energy from Slw will be at most
�q 2 Q�2. We also expect that the spin self-energy due to the
coupling of the order-parameter ®eld with the local modes will
have a smooth q-dependence. As a result, the zero-temperature spin
susceptibility should be proportional to �q 2 Q�22 (that is, the
anomalous exponent h � 0). This implies that the singular local
susceptibility and the concomitant destruction of the Kondo reso-
nance at the critical point are robust in two dimensions. We note
that a rigorous proof of this stability awaits the explicit construction
of the Ginzburg±Landau action for the locally critical point.

Fourth, Ginzburg±Landau considerations also provide a way to
understand the q/T scaling (equation (2)) at the locally critical
point. At a spin-density-wave transition, the ®eld theory, equation
(15), is a f4 theory with an effective dimensionality Deff � D � z.
Whereas at QCPs in insulators1,36 the dynamical exponent is usually
1, in a metallic environment z � 2, raising Deff above the upper
critical dimension of 4 for the f4 theory. All the nonlinear couplings
are then irrelevant, and q/T scaling is absent1,14. (A violation of q/T
scaling has been reported37 near a QCP in Ce1-xLaxRu2Si2.)

At a locally critical point, the nonlinear couplings among the
long-wavelength modes remain irrelevant. However, the Ginzburg±
Landau action also contains nonlinear couplings that involve the
additional local critical modes. These couplings are relevant,
making the ®eld theory an interacting one, thereby38 allowing the
q/T scaling given in equation (2). In terms of a suitably de®ned spin
relaxation rate, the contribution from the f4 component depends
on temperature with a power greater than 1. On the other hand, the
contribution from the coupling to the local modes is linear in
temperature due to the `relevant' nonlinear couplings. The total
relaxation rate is then linear in temperature, as required39 for q/T
scaling. Again, the EDMFTanalysis of the previous section amounts
to a microscopic prescription for determining the relaxation rate
and, more generally, the entire scaling function.

Broader implications
In addition to explaining the salient features of experiments on
heavy-fermion metals close to a QCP, our results may have broader
implications for other strongly correlated metals. The emergence of
critical local modes in the case that we have studied depends
crucially on the formation of local moments. A local moment is
nothing other than a strongly interacting f-electron orbital that
cannot be doubly occupied owing to a strong on-site Coulomb
interaction21. It is formed at energies intermediate between the bare
Coulomb interaction scale and the asymptotic low-energy limit.
The existence of non-trivial local physics at such intermediate
energy scales is in fact ubiquitous in strongly correlated metals,
including metals close to being a Mott insulator. This suggests the
possibility of a locally critical point occurring in a doped Mott
insulator. M

Methods
We adopt the EDMFT as a conserving resummation of diagrams for ®nite dimensional
systems (Fig. 7b of ref. 24). The spatial dimensionality enters, among other ways, via the
form of the RKKY density of states de®ned in equation (8). For any ®nite-dimensional
system, the support to rl(e) is bounded and a stable paramagnetic solution exists.

The EDMFT provides a self-consistent procedure. In the Bose±Fermi Kondo hamil-
tonian, equation (6), we insert trial forms for the spectra of both the vector-bosonic bath
and fermionic bath, which can be parametrized in terms of the Weiss ®elds x-1

0 and G-1
0 ,

respectively:

g2

p̂

2wp

q2 2 w2
p

� 2 x21
0 �q�;

p̂

1

q 2 Ep

� G0�q� �16�

The trial forms for the QCP are taken to be

Im G0�q � i0�
� � 2 pN0;

Im x21
0 �q � i0�

� � Cjqjgsgn q for jqj , ¤
�17�

where N0, g, C, and ¤ are parameters to be determined and `sgn' refers to the sign function.
Next, we solve the Bose±Fermi Kondo problem using a (1 2 g) expansion. This step
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determines the local spin susceptibility and the local conduction electron Green's
function,

xloc�t� � 2 hTtSx�t�Sx�0�iHloc

Gloc�t� � 2 hTtcj�t�c
²
j�0�iHloc

�18�

where t is the imaginary time. This step also speci®es24 the spin self-energy M(q), and the
conduction electron self-energy §�q�:

M�q� � x21
0 �q� �

1

xloc�q�

§�q� � G21
0 �q� 2

1

Gloc�q�

�19�

(The spin self-energy is de®ned in terms of an effective spin cumulant that is
I-irreducible24.)

The (1 2 g) expansion we use follows refs 28, 29, 34. To linear order in 1 2 g, there is a
renormalization-group ®xed point located at JK � C � �1 2 g�=2. In analogy to the
standard application of the e expansion40, we assume that the local spin susceptibility
xloc(t) takes a power-law form at the critical point. By setting JK and C to their ®xed point
values, we can determine the exponent by matching the leading ln(t) term in the
expansion of the assumed power-law form for xloc(t) with the leading ln(t) term of the
perturbative expression for xloc(t), calculated from the Bose±Fermi Kondo hamiltonian,
equation (6), to linear order in 1 2 g. This gives, for 0 , g , 1,

xloc�q� �
1

2¤12g ¡�g� sin
p�1 2 g�

2
� 2 iq�2g

�20�

where ¡ is the gamma function, and for g � 0, equation (10).
In addition, to linear order in 1 2 g, the conduction electron self-energy vanishes:

§ � O��1 2 g�2
� �21�

Finally, we demand self-consistency, which amounts to the requirement that a local
correlation function is equal to the wavevector average of the corresponding lattice
correlation function. In terms of the RKKYdensity of states, rl(e) de®ned in equation (8),
and the usual conduction electron density of states, r0(e), the self-consistency condition
can be written as

xloc�q� � #de
rI�e�

M�q� � e

Gloc�q� � #de
r0�e�

q 2 e 2 §�q�

�22�

When rI(e) is proportional to
�������������
e 2 IQ

p
near its lower band edge (e ! I�Q), xloc is ®nite at

the QCP. The local moments are not critical.
The locally critical point arises when rI(e) has a jump at the lower band edge. xloc is now

singular at the QCP. The self-consistent solution for the parameters introduced in
equations (17) is

N0 � r0�m�; g � 0�; C � p¤ �23�

with the expression for ¤ being given in the main text, as are those for xloc and M. We also
note that the relationship between g and a is indirect: it is speci®ed by the self-consistency
equation (22) along with equations (17)±(19).

The local susceptibility, given in equation (10), is universal. The exponent a for the spin
self-energy depends on the product ¤rl�IQ� (see equation (13)). It can be seen from
equation (11) that ¤ is of the order of the Kondo energy. As the QCP is reached through a
competition between the RKKY and Kondo interactions, we expect that this product is
close to unity, resulting in an a that is not too far from 1/2. The precise value of a, however,
is interaction-dependent: it depends on which point of the phase boundary in the RKKY
interaction±Kondo energy parameter space is crossed as the system is tuned through the
quantum phase transition.

At ®nite temperatures, the self-consistent procedure outlined above can also be carried
through, leading to the spin self-energy quoted in the main text.
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